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Transient Effects in Solid Propellant Burning
M. IMBER*

Polytechnic Institute of Brooklyn, Brooklyn, N. Y.

From theoretical considerations, stability criteria for solid propellant burning behavior
are derived. The analysis considers the transient temperature field of the solid subjected to a
cosine pressure perturbation in the gas stream. The results indicate that the modes of pro-
pellant burning behavior are influenced by the variation of the temperature field within the
solid propellant. This effect is represented by the term C = [v2to/ot]112. The theory demon-
strates that for different values of C, an initially stable propellant will burn in an unstable
manner. In addition, the theory indicates a range in propellant parameters for which un-
stable burning always occurs.
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summation index
EW[TW — Ti]/RTw

2, dimensionless parameter
dimensionless parameter, see Eq. (25)
A, dimensionless parameter
[vHo/a]1'2, dimensionless initiation time

parameter
specific heat of gas
specific heat of solid
const
activation energy for combustion
activation energy for vaporization and de-

composition
dimensionless function, see Eq. (25)
order of gas-phase reaction
pressure of gas phase
dimensionless parameter, see Eq. (9)
dimensionless function, see Appendix D
dimensionless parameter, see Eq. (9)
dimensionless function, see Appendix D
universal gas constant
dimensionless function, see Appendix D
summation index
dimensionless modulus, see Eq. (30)
LaPlace transform variable
unperturbed solid temperature
total perturbed solid temperature
reduced time
time
1 + (4W2)
dimensionless roots
unperturbed velocity of propellant surface
total perturbed velocity at propellant surface
space
complex variable

flame
initial
reference
surface

Special symbols
thermal diffusivity of solid
vx/otj dimensionless parameter
LaPlace transform of perturbed temperature,

f °° dTfe~stdtJo
dimensionless parameter, see Eq. (12)
dimensionless variable
summation index
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= step function
= perturbed term
= frequency of oscillation
= argument of a complex number
= amplitude of pressure perturbation

argz
dT'/nb \8p'/pf | = amplitude of temperature perturbatic
argz = argument of a complex number

= real part of the complex number m

Introduction

TO understand fully the characteristics of solid propellant
burning, it would be of great value if the dynamic re-

sponses of the gas and solid phases, simultaneously, were
known. It is apparent that there is an energy interchange
between the gas stream and the solid propellant; hence any
variations in one of the energy reservoir's behavior may
produce a significant change in the other upon energy re-
direction. Under these circumstances, the effect that appears
is an unwarranted change in pressure, temperature with
time, or an altered mass release from the propellant which
induces the forementioned effects. As shown in Refs. 1-3,
studies of the gas stream behavior are possible when the
presence of the solid propellant is approximated with suit-
able boundary conditions; the temperature history of the
propellant is not accounted for in these studies.

Because the thermal response of the solid propellant influ-
ences the energy feedback to the gas stream, a detailed study
of the solid propellant is required as well. Reference 4 and the
Denison and Baum's study, Ref. 5, investigated a solid pro-
pellant burning in a varying pressure atmosphere. The gas
stream behavior is connected to the propellant surface tem-
perature via a simplified Arrhenius relationship. From small
perturbation techniques, the analysis shows that the pro-
pellant can burn unstably for a range in physical parameters.
This work assumes a priori that the preperturbed tempera-
ture field within the propellant changes with distance and
not with time; hence the propellant is considered to be at
its steady-state condition during perturbation.

Since time-dependent pressure variations in the gas stream
produce temperature changes within the solid that are both
time- and space-dependent, it would appear that the restriction
of a steady-state temperature profile within the solid pro-
pellant is too severe. As a first approximation to the pre-
ceding condition, the present investigation extends the steady-
state study of Ref. 5 to the transient case, i.e., a solid pro-
pellant whose preperturbed internal temperature is a function
of time and distance. The results indicate that the stability
criteria developed in Ref. 5 are strongly influenced by the
initiation time of the pressure oscillation.
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Analysis

In the analysis that follows, the solid propellant is considered
to be semi-infinite with constant physical properties. The
surface of the propellant is assumed to move with a constant
surface temperature and velocity Tw and v, respectively.
Consequently, the one-dimensional equation for the tem-
perature profile in the solid is

(df/d£') = a(d2fyd£2) + v$Tfbx) (1)

where a. is the propellant thermal diffusivity, and T, x,
and t' are the temperature, space, and time variables, respec-
tively. In Eq. (1), the distance x is measured from the pro-
pel) ant surface, which is always located at \he origin of the
x axis. From small perturbation methods, the pressure,
temperature, and velocity terms are approximated by an
infinitesimal change in the preceding quantities. Hence

v = v + 5v

T(x, t') = T(x, t') + dT(x, t') (2)
p> = p>

where v, p', and T(x, t') represent the unperturbed or non-
effected terms. Furthermore, it is assumed that the pro-
pellant surface obeys the simplified Arrhenius relation de-
veloped in Ref. 5. Thus the ratio of the perturbed velocity
to the unperturbed value may be written as

to = E^_ p!T(0, *')
v RTwl Tw

(3)

Ew is the activation energy associated with vaporization and
decomposition of the solid propellant. Equation (1) may
now be amended by the substitution of the perturbation
quantities, Eq. (2), and the Arrhenius relation, Eq. (3); hence

55 T
bo;2

vEw
RTW Tw

^ W

From Ref. 12, the derivative of the unperturbed temperature
profile for a semi-infinite solid with a constant face tempera-
ture is

T. ~ Tt\ v
~~^(U( x - vtf

1 / f" vx-—-7—77 { exp - — -
(7raO1/2 \ L a

(x -
—
fexpL~ (5)

Substituting Eq. (5) and the following dimensionless quan-
tities

bT' = dT/(Tw — Ti)

e = vx/a (6)

A = 2vB/a = {EW[TW - Ti]}/RTw*
into Eq. (4), the perturbation equation reduces to

+de2

—. e~ eerfc
a

n\
J j

(7)

A solution to Eq. (7) is feasible if it is further assumed that
the transient field in the solid propellant is not affected by the
temperature perturbation bT'. This implies that, if a per-
turbation is introduced at some time t' = t0, then the term

appearing within the braces in Eq. (7) is constant for t' > fo.
This assumption is similar to the one made in the steady-
state investigation; however the latter method does not
incorporate any dependency upon fo. Consequently, Eq.
(7) is now amended by the replacement of the time term t' by
a reduced time term t = tf — t0 and the term t' in the brackets
by the initiation time to. The form of the resultant differ-
ential equation is similar to Eq. (7) ; hence to avoid repeti-
tion the amended equation is not shown. Applying LaPlace
transform techniques, the amended equation can be trans-
formed into the ordinary differential equation

a- m d0
de2 de

2

— e € erfc|a
Rat/tO - vtjV\
I 2(<rib)1" J j (8)

where 6(e, s) is the transform of the temperature. From
the method of the variation of constants, the general solution
to Eq. (8) is

0(e, s) =
2vB (9(0, s)est« •

+, D,e^2 +
Bpe/2 erf (1/2C) (e • (72[1

—q
- C2[l
-P

2as e-e-st0 erfcr^ [e -

where

p = -I + [1 + (4SC0;2)]1'2

q = -I - [I + (4saA2)]1/2
(9)

and C = [t>V«]1/2- The terms D1} D2, and (9(0, s) are elim-
inated from Eq. (9) by application of the boundary condi-
tions

lim 0(e, s) -* 0
e—>oo

lim 0(e, s) -* (9(0, s)

(10)

and

de ']... - -AVOQ, s) +

r^e-**dt (11)-Tt] Jo p' e dt (ll)cs[n + 2 + ( E f / R T f ) ] ( T

The boundary conditions represented by Eq. (10) follow from
the mathematical model of semi-infinite solid with a constant
face temperature. Equation (11) is an energy balance for
the gas species liberated from the solid propellant and the
heat flux to the wall. Since a similar equation is constructed
in detail in Ref. 5, its derivation will not be repeated at this
time. The terms A and S&" appearing in Eq. (11) are defined
to be

and

A = EW[TW - Ti]/RTw

_ ____
A cs[n + 2 + (E,/RTf)][T. - E(t0) (12)

For the theoretical development that follows, the gas-pressure
variation will be assumed as

Sp'/p' = \Sp'/p'\ coscoi (13)
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Applying Eqs. (10) and (11) into (9), the expression for the transformed temperature becomes

erfcJ_
Bcs[n + 2 + (Ef/RTt)][T. - r4

" s* [~i pi ,C L . 4saV/2 g y' T , gT, . ,C~| aTT-e-. [I - -Jerfc2 ^1 + _) - i - - [I + -J|_l + erf- J - - * -

(14)
where

1/2 (14a)

and

7(c) - e^ [- ̂  - *f a* ([P - «] ericf (l + ̂ )" + 2.- erfc^)] (Mb)

Hence, the temperature perturbation bT' is obtained from the inverse theorem of LaPlace transforms. As shown in
Ref. 5, the evaluation of the inversion integral can be expedited by a change in variables from s to u by the substitution
u — I + 4sa/w2 in the resultant expression for the integral. Subsequently, 5 T1 (#, t) may be expessed as

ST'(x t) = * f V4a Q .6 ( ' ° c.[n + 2 + (Ef/RTt)][T. - Tt * fr '
where, from Ref. 6,

( /W 2 \ / 4fV V/2 /* oo

••y-(S) /o '-<**
From Eq. (14) it follows that

-l) erf

/ N /(Wy - Ui) \
/

(e - ^-C2)"|+ 2^ expf"Y-€ - ~ (u* - l)\ erfc^ (e -

i«« -i)

Here u3- represents the rth general root, and j ^ i.
Since the denominator in Eq. (14) is a combination of transcendental functions of a complex number, the solution

for the roots is generally intractable. However, a solution is possible if it is noted that propellants are considered to be
near their steady-state condition; consequently the quantity UiC/2 is assumed to be large. Thus for large values of
this quantity, the denominator appearing in Eq. (16) may be approximated by

[ ( 4:Ae~ C2/4 / /(AX)172!
u - A* + 1 + < (A*)2 - -^yr/r ~ 2A (l + erff - jj > J X

r ( AAf,-^/^ t /rXX^l1/2"!
[u-A* + l- |(A*)« - ^-^ - 2A (l + erf(-))| j (18)

The derivation for Eq. (18) is shown in Appendix A. There are four more roots associated with L-n~lug(u'r) and these are
evaluated in a straightforward manner from the transform of the pressure expression

p' \ (s2 + co
8p' (t;2/4a) b2 - 1] (19)

Thus, the additional roots are

M5, 6 = ± fl —

In order to obtain an explicit expression for the perturbed temperature 5T', Eq. (16) must be integrated in the manner
shown. From the shifting theorems and the LaPlace transform pairs shown in Ref. 6, the inverse of Eq. (17), Lr/~1^(?/2),
is readily obtainable. This expression is shown in Appendix B. In addition, some of the integrations with respect to
the variable 77 are rather involved; hence, the reader is referred to Appendix C. Furthermore, due to the assumption
that the quantity (UiC/2) is large, the temperature relationship now represents its asymptotic expression.7 It can
easily be shown that in the limit the resultant temperature expression, Eq. (21), becomes the steady-state tempera-
ture equation in Ref. 5. Upon integration, the asymptotic perturbed temperature is found to be

= 2 E if——— exP f „. to2!xp|_-, - (1 - ̂  -J erfc-2vB/a[~2ncPTf\8p'/p'\}
c,[n + 2+ (Ef/RTf)][Ta - T{] /^ w ~ '"i;

exp|^- ̂  (< + i0)(l - Mi2) - £ (1 - w<) | X

[Equation (21} is continued on the next page.]
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( /tv
{erfc- Mi(

112 1

1 1
(e + u,C«) e r f c , (e + u «,)(! - M,2) - -(1 + «,) I X^<e,oi}+E-£<*^4-4-<J j i=1 n («,-«,) L

r r fc~Mi (D"2 erfc^ (~e + UtC*} ~ (SO'' IT^T* exp\ 4^ (~6 + UiC^i ~\ \ / ^ \"" / L. \ / \ /

(_e + ̂  erfc_ (_
n (uj — u^

3 = 1

x

('--')-£- n (uj - u^ [-e x p _ ( 1 £

!̂ ± 1 _/^\1/2 A^ \
4a 2 J \4ce/ \4^2/

e , N l ( x. /Wf
(« + «- a-^ + Dĵ l

The expression for the function P(e, 0, Q(e, t), and ^(e, 0 is
rather complex; hence for clarity they appear explicitly in
Appendix D.

For simplified burning behavior, it is sufficient to study
the resulting temperature perturbation at the surface of the
propellant. Under this requirement, the perturbed tem-
perature 5 T'(o, t) is

dT'(Q, t) = -2ncp\5p'/p'\
cs[^ + 2+ (^//BT/)]!^ -

6 M.(M. + 1)(1 - Uj

X

n (^ -
[ tv2 "I-— (t^i2 — 1)4a J

erfc— Ui\ —-

X

1/2
(22)

since P(0, t) = Q(0, t) = E(0, t). Before proceeding on to an
analysis of Eq. (22), it should be noted that, as Z0-^ °°, the
equation for the temperature is similar to that given in Ref. 5.

Fortunately, the time-dependent terms in Eq. (22) may
be approximated by the following asymptotic relationships
developed in Ref. 8:

erfc z ~ l/

and

erfc - z ̂

Hence

for argz| < 7T/2

for |arg-g| < ?r/2 (23)

itv*\*"erfc-Wi I —
\4a/

, for Re(-Ui) > 0

and

lim e^2^2/4"

U/2 for Be(-M,-) < 0 (24)

Theoretical Results

From the asymptotic expressions, Eqs. (23) and (24), a com-
ponent of the perturbed surface temperature will increase in a

X

X

(21)

pure exponential manner when the roots HI and u% are real
and when HI > 0; u2 < 0; u? - 1 > 0 (or HI < 0; ^ > 0;
^22 — 1 > 0). For computational purposes, the explicit ex-
pression for SF is introduced in Eq. (18); consequently the
roots Ui, 2 can be written as

A(E(tQ) - 6] =F ({1
where

and

6 = ( E f / R T f ) ] [ T w - (25)

If the term under the square root sign is equated to zero,
then the restrictions on Ui, 2 are satisfied as well as the stipu-
lation Ui* — 1 > 0. Hence

1 + A{E(t*) - b} = with A > (26)

Figures 1 and 2 are the graphs for Eq. (26) for different values
of C = [vHo/a]112. For comparison, Fig. 1 shows Denison
and Baum's results for steady state. The computations
indicate that when C > 6, for all practical purposes, the pro-
pellant is at its steady-state condition. From the preceding
development, it is apparent that the region above the higher
boundary curves of C > 6, C = 0.5, and C = 1.0, constitutes
a domain of pure exponential increase with time for the
perturbed temperature.

It is also feasible that a component of the temperature
perturbation will oscillate with two options : firstly, a bounded
exponential increase of the oscillation's amplitude with
time; secondly, a bounded exponential decrease of the
oscillation's amplitude with time. In the former case, it is
necessary that

and

(-ui) < 0

Re(uS - 1) < 0

(-uz) < 0

Re(u<? - 1) < 0

The boundary curves for this behavior are obtained from the
last restriction ; hence the expression for the curve is

A = (E(t0) + b)/[E(lQ) - 6]2 A < l/4tf(*o) (27)
The lower bounding curve for the family curves C > 6, C =
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0 1 2 3 4 5 6 7 9 10

Fig. 1 Stability curves for solid propellant behavior when
C > 6 and C = 0.5.

A 5

0 1 2 3 4 5 6 7 8 9 10

Fig. 2 Stability curves for solid propellant behavior when
C = 1.0.

1.0, and C = 0.5, as shown in Figs. 1 and 2, distinguish the
different oscillatory patterns. For points below the curves,
the temperature oscillations are damped, and for points be-
tween the extremes of any particular curve family, there is a
component of the temperature that oscillates with increasing
amplitude. In other words, the propellant burns in a stable
manner for points in the region of damped oscillations.

For the oscillatory, exponential increase of the temperature
amplitude, the associated frequencies are obtained from the
relationships

where

- 1} < 0

or

/V = A/2[E(t0) -
(28)

The curves of constant frequency are indicated in Figs. 1
and 2 as dashed curves.

Since the expression for the surface temperature perturba-
tion, Eq. (22), depends upon the values of the roots u$ through
UQ, the temperature is really composed of a pure oscillatory
component in addition to the unstable or stable mode. The
former component is referred to as the steady-oscillatory
mode, see Ref . 5, and its explicit formulation is obtained from
Eq. (22). Thus for the steady-oscillatory mode of the per-
turbed temperature

dT'(x, t) = nb fip'
P' -1} (29)

+ (i + lew2)1'2!1/2)2
]"2}2

*{-! + (l + lGw2)1/2}

r2
2 = {A[E(U) +b}- A[E(td - 6] X

fl + (1 + le^)1'2]1

L 2 J

- A (30)

= arc tan X

( 2u - A[E(f0) - b] [-1
6] - A[E(t0) -

= arc tan

Since Eq. (29) is a function of the oscillatory frequency
co, there exists a frequency for which the temperature ex-
hibits a maximum. The maximizing values are obtained

[-!+(

1 + [l +

1 1

2 ) J
(1 + IGw2)1'2]1'2

2 J
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by equating the derivative with respect to co of the amplitude
in Eq. (29) to zero. Figures 3 and 4 illustrate this effect.
The dashed lines represent the frequencies that produce the
largest value of \bT'/rib\bp'/p'\\ and the solid curves give
the associated numerical values for the amplitude. It should
be noted that the curve |53r7//n6|5p'/p/|| = °° is simply the
lower bounding curve shown in Figs. 1 and 2.

Discussion of Results and Conclusions

As anticipated, the expression for the perturbed tempera-
ture is far more complex than the steady-state solution of Ref.
5. However, at the surface, the temperature expressions are
remarkably similar. In the main, there are two major dif-
ferences in the two expressions. The present analysis has
developed an asymptotic solution as against the exact,
steady-state solution. In addition, the former method in-
volves roots w», which are dependent upon the initiation time
tQ. The steady-state solution does not incorporate any
effect of t$. The transient solution reveals an important
feature of solid propellant behavior which is not revealed by
the steady-state analysis. The graphs shown in Figs. 1 and
2 demonstrate that the propellant behavior is dependent upon
the initiation time of the pressure oscillation. In other
words, a propellant with A = 2, b = 0.25 will behave un-
stably if a pulse is produced at C = 0.5; however, it will
burn stably when the propellant is subjected to the same
pulse at a later time C > 6. As a further illustration of this
important phenomenon, the stability curves in Fig. 2 overlap

each other. Hence, the point A = 2, 6 = 0.25 can be asso-
ciated with either a stable behavior or an oscillatory expo-
nential increasing mode. Again, the dimensionless time
parameter C determines the mode of behavior. For the
steady-state condition, the graphical results for C > 6 apply,
and they are coincident with Denison and Baum's results.

It should be noted that, for a propellant whose physical
properties are such that it lies in the region above the upper
branch of the curves C > 6, this propellant will always burn
unstably, i.e., continuous exponential increase. The initi-
ation time does not influence any point in this region. Fur-
thermore, for the same time t0, propellants exhibiting high
burning velocities v and low thermal diffusivities a are more
likely to burn stably since the exponential unstable area
diminishes for larger values of C. On the other hand, the
region of damped stable and oscillatory exponential burning
will increase for higher values of C. Figures 1 and 2 also
indicate that for the latter mode of behavior the frequencies
become larger for increasing values of C.

In Figs. 3 and 4, the resonant amplitudes and frequencies
for the temperature component of pure oscillation are
plotted for two values of the dimensionless time parameter
C. For a cosine pressure perturbation, the effect of varying
C is more complex. If the propellant properties are in the
region above the infinite amplitude curve, then the ampli-
tude 5T'/nb\dp'/p'\ and frequency co increase for larger
values of C. However, for a point located below the infinite
amplitude curve, the reverse is true: larger values of C pro-
duce a decrease in frequency and oscillation amplitude.

A 5

9 10 0 1 2 3 4 5 . 6 7 8 9 10

Fig. 3 Resonant amplitude and frequency curves for solid Fig. 4 Resonant amplitude and frequency curves for solid
propellant behavior when C > 6.0. propellant behavior when C = 1.0.
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Table 1 Initiation times to

v, in./sec P, lb/in.3 a, Btu/hr-ft-°F c3
a Btu/lb-°F ft2/hr t0, sec

0.142
0.291
0.192

0.059
0.063
0.06

0.25
0.25
0.25

0.35
0.35
0.35

7.02 X 10~3

6.58 X 10~3

6.9 X 10~3

2.73 X 10-1

1.1 X 10-1

2.68 X 10-1

a Assumed.

Before proceeding further, it should be recognized that
the present development incorporates certain tacit assump-
tions. These are, in the main, the same as those made in
Ref. 5. Particularly, the relaxation time of the gas phase
must be much less than that of the solid phase, which in turn
must be less than the initiation time of the perturbation to.
Furthermore, the initiation time must be greater than the
time for pressurization of the chamber. From the preceding
conditions, it follows that there is a limitation upon the realiz-
able oscillatory perturbed temperature frequencies, i.e., the
reciprocal of the frequency co must be greater than the re-
laxation time of the gas phase. This limitation suggests
that the present results are most applicable for low-frequency
instability. In addition, the analysis considers that the
pressure perturbation is prescribed; consequently, the in-
stability modes are predicated upon the temperature or mass
efflux trends rather than upon the pressure. Obviously,
serious fluctuations in these quantities will induce variations
in the gas pressure; however, the exact manner by which
this occurs is not considered in the present investigation.
It is also1 rather interesting to observe that the instability
curves shown in Figs. 1 and 2 are independent of the particu-
lar formulation for the pressure perturbation.

In summary, the present investigation represents a first
step in clarifying the transient behavior of the solid pro-
pellant. Actually, any temperature perturbation produces
a time-dependent variation in the solid, since the associated
energy of the perturbation is absorbed by the propellant's
mass. The interaction between the temperature perturba-
tion and the dominant solid propellant temperature field is
complex; consequently an analysis of Eq. (9) is difficult.
Instead, a simplified treatment is developed so as to examine
the time dependency in greater detail. The results of the
theoretical treatment demonstrates that, for the assumed
model, the instability modes can be influenced by the differ-
ent temperature fields. In other words, the instability fre-
quencies vary with the energy absorbed by the solid pro-
pellant; subsequently, the frequencies are functions of time.
As future work, a rigorous treatment of Eq. (9) will be at-
tempted. A series of temperature perturbation pulses will
be introduced, and the temperature field will be adjusted in
accordance with the results of the present analysis. Thus,
the current investigation serves as a base from which the
complete behavior of dT' may be evolved.

Lastly, the theory suggests that in some propellants the
restriction of a steady-state temperature field is too severe.
Certainly, the damping effect of the perturbation by the pro-
pellant is eliminated by the assumption of steady state.
Also, it is not apparent that the propellant is in this condi-

time period for which Eq. (10) applies; consequently, any
time required for ignition, flame spreading, etc., must be
excluded. In order to demonstrate the feasibility of a tran-
sient field at pressure perturbation initiation, Table 1 has been
constructed based upon the data shown in Ref. 11, and the
values are compared with the published test pressure trace.
Because the time lapse prior to pressure growth is not indi-
cated, an estimate of this quantity is required. A search
of the literature indicates that, as a rule of thumb, this value
is approximately the same as the time required for the pres-
sure growth. Subsequently, by comparison of the computed
and test data, it appears that the first and last propellants
possessed a transient field, even with the gross assumption
for the time lapse.

There are, of course, propellants that may have large values
for the ratio i>2/a; under these circumstances, the steady-state
condition is achieved in a very short time. Hence, the re-
sults of the transient situation do not apply to propellants in
this category.

Appendix A

The denominator in Eq. (16) is

«_..{,_ 2},̂  (,+£)'",

(!)]+?} <"•»
Upon substitution of u2- = 1 + 4sa/v 2, (Ala) becomes

2v
a(u + 1) (f)]-2

(Alb)

As shown in Ref. 9 for large values of z, the error function
may be approximated by the asymptotic series

e~z* ( 1 1 3 ) 3?r
erfG* ~ 2W^~2 V " 272 + (2?)~2 ' ' ' / 'arg^' < T (AlG)

Neglecting all terms beyond the first, it is apparent that
1 6-(wC/2)2

— I ~
Or)1/2 uC/2 (Aid)

Substitution of (Aid) into (Alb) simplifies the denom-
inator to

2B(u + 1)

u2 + 2u -
4Bv\//u _

(a7r*o)1/2
(Ale)

tion at perturbation, unless it is postulated beforehand.
However, the analysis does provide a method for evaluation
of this effect. From the criterion of C = 6, a maximum
theoretical value of the initiation time tQ may be computed.
Hence, time values less than tQ indicate a transient condition.
Furthermore, it must be remembered that tQ represents the

The denominator in (Ale) is a simple quadratic expression;
hence

- 1 T 6-C*/4_

2A (Alf)
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Appendix B

The inverse of Eq. (17) may be obtained by successive application of the shifting theorem and LaPlace transform relationships
Hence

a r^l °

3 = 1

1 ^
erfc-

f C* f ~1 ( 1
- T (1 - M'2) - -o (1 - «0 + ««ij K - erfc-^ [2, + e + w.-L -"•

i [e + UiC*}\ + — £ li(Ui + 1)2 expf- ^ (1 - uS) - | (1 + Ui) + u^~\(- erfc^
' " *'=! TT A, ^ L 4 -">11 \Uj Ui)

3 = 1

i= 1 TT / N11 (Uj — Ui)
y = i

g-H-«*i erfc— [e - C2] + e~€ /2 C7 ( 77 - ̂  ) X

Q, ^—^ u CK "̂"̂n (wy - w») *= 1 n (ui - Ui) *=1 n (uf - u^

Y (27? + UiC2 - e) + erfc( ^f } \\ i * j (El)___v !\
Appendix C The remaining terms in the summation are prepared for

integration by an initial integration by parts
A large portion of the terms in Eq. (Bl) can be integrated

directly. Hence C °° / _ 1 Ujtv*\
Jo V 7 7 2 a I

/w .2 fo2\i/2 *n -r 1 ^
,^2^V4aerfc_( _L—— ] (Qla) , / 2 \ / •« / 1 W .ft,2\2»+l

\ 4o: / [ ____ i f [ ,« __ _ _^_ ]
C(7r)1/2 \2n + I/ Jo \ ' 2 a /

2n + 1
/ 77 -^fl)* \ L> *

^^V4aerfc_(^_) (Cla)

\ 4« / p^

and

From Ref. 10
n /ii\

The integration of the term ^0 \pj

——77+1—— fyvey2dy y = h(x — ]8) (Clh)

and— [277 + e + UiC2]dr] (Clc)

jn as

,1/2
e-^V4« f» e x p | _« [^l^Tlv ( l - « ) d ; 2 ; r )

•̂  o ^ ^ tv* [_ 2 a

is tractable if (Clc) is rewritten as ^zne z e

erfc- [2q + e + ^-C2]^ (Cld)
20 Applying Eqs. (Clh) and (Cli) to Eq. (Clg)

and noting that , . oX . . t/* °° / 1 i/i^2\2n+1

I ( 77 — - —— ) e
Jo V 7 2 a /

n - 2r - s (Cli)

s = 0 or 1

« - [ ( € + Ui(
a\n( 1 w»ii

+ E (_D. \^ / \ ^ « / (Cle)
n = l n\ 2r+i\

The integration of the first term in straightforward; thus
/* oo 1

In erfc9T [277 + e + ̂
«/ U Zi(j

C I 1

Equation (21) is obtained by combining the preceding formu-
(Clf) lations in addition to reapplying the integration methods to[27? + e + WiC2] erfc [2?? + e + u

o the other integral expressions.
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Appendix D
ForuseinEq. (21), the functions P(e,t), Q(e,t), and R(e,t) are

P(e, 0 =
- /[(-I)71 (a V1\ ( ~ [-^(ujW/a
^ \L n\ \to*J 1) \ 2^ + 1

(//2n + l\\
2n + l It ( ) V 1 / 2v \\\j^_^)r_i^2_
,to iV^^+^/VL 2 a

^ (€ X

'e + ^C^^+^^/W^a ~ g)(l; 2; r) ̂ J^ ^ +

(Dla)

Q(«, 0 = X

+i !_L_Zerfc- (-e + u<C*)

i i r~1 r_ _ /_ , i -/ /^2~\2 y^ i_
— 4.̂ 2 ^— ' * • ^—'4O J a=l

(Dlb)

! Mifo2 /- 2 IT ~ V
,^ —— e r f c ~ +

for v = 2r — s and s = 0 or 1.
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